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Abstract
Koh and Tan showed in (Evaluation of the number of kings in a multipartite tournament, submitted
for publication.) that the subdigraph induced by the 4-kings of an n-partite tournament with no
transmitters, where n3, contains no transmitters.We extend this result to the class of semicomplete
n-partite digraph, where n2. Let T be a semicomplete multipartite digraph with no transmitters and
let Kr(T ) denote the set of r-kings of T. Let Q be the subdigraph of T induced by K4(T ). In this
paper, we (1) show that Q has no transmitters, (2) obtain some results on the 2-kings, 3-kings and
4-kings in T. While it is trivial that K4(Q) ⊆ K4(T ), we further prove that (3) K3(Q) ⊆ K3(T ) and
(4) K2(Q) = K2(T ). Maurer (Math. Mag. 53 (1980) 67) introduced the concept of kings-of-kings
in tournaments. Following Maurer, we investigate the r-kings-of-kings of semicomplete multipartite
digraphs with no transmitters for r = 1, 2, 3, 4. Some problems on the r-kings-of-kings are posed.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction, terminology, and notation
A digraph obtained by replacing each edge of a complete n-partite graph by an arc
or a pair of mutually opposite arcs with the same end vertices is called a semicomplete
n-partite digraph, or simply a semicomplete multipartite digraph. A semicomplete mul-
tipartite digraph with no mutually opposite arcs is known as a multipartite tournament.
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A semicomplete multipartite digraph with each partite set having exactly one vertex is
called a semicomplete digraph. A tournament is a semicomplete digraph with no mutually
opposite arcs.
Let D be a digraph with vertex set V (D) and arc set A(D). For any two vertices u, v ∈
V (D), if there is a path from the vertex u to the vertex v, then the distance from u to v,
denoted by dD(u, v), is deﬁned to be the length of a shortest u− v path. By convention, we
deﬁne dD(u, v)=∞ inD if there is no u−v path.When it is clear which digraphD is under
consideration, we omit the subscript D in distances between vertices. A vertex w in D is
called an r-king, where r is a positive integer, if dD(w, x)r for each x ∈ V (D). Further,
we call an r-kingw ofD an exact r-king if dD(w, x)=r for some x ∈ V (D). The set and the
number of r-kings (resp., exact r-kings) in D are respectively denoted byKr(D) and kr(D)
(resp., K∗r (D) and k∗r (D)). Note that Kr−1(D) ⊆ Kr(D), K∗r (D)=Kr(D)\Kr−1(D) and
kr(D)=∑ri=1 k∗i (D) for r1.
Given u, v ∈ V (D), u = v, we say that u dominates v (denoted by u→ v), if uv ∈ A(D).
LetU andW be subsets of V (D).We write ‘U → W ’ to signify that u→ w for each u ∈ U
and w ∈ W . If U = {u}, then ‘U → W ’ is replaced by ‘u → W ’. Likewise, if W = {w},
then ‘U → W ’ is replaced by ‘U → w’. Following [3], we deﬁne (U,W)={uw ∈ A(D) :
u ∈ U and w ∈ W }. The subdigraph of D induced by U is denoted by D[U ].
For v ∈ V (D), let
OD(v)= {w ∈ V (D)|v → w} and ID(v)= {w ∈ V (D)|w → v}.
We call OD(v) the outset of v in D and ID(v) the inset of v in D. The value of |OD(v)|
is called the outdegree of v in D and the value of |ID(v)| is called the indegree of v in D.
Again,when it is clearwhich digraphD is under consideration,we shall omit the subscriptD.
A vertex u in a digraph is called a transmitter if the indegree of u is zero.A trivial necessary
condition for the existence of an r-king for some r in a digraph D is that
(∗) D contains at most one transmitter.
A vertex v is reachable from a vertex u if there is a u − v path. A digraph D is said to
be strong if each vertex in D is reachable from every other vertex in D. A maximal strong
subdigraph of D is a strong component of D. It is well known that the vertices of a digraph
D can be partitioned into subsets U1, U2, . . . , Us such that every subdigraphDi =D[Ui] is
a strong component of D. If there exists no arc fromDj toDi for all j = i, then the strong
component Di is known as an initial strong component of D.
The study of the existence of kingswas originated in the class of tournaments.The concept
of a king was implicitly introduced in 1953 by the mathematical sociologist Landau [10].
Let H be a tournament. It is trivial that a vertex w is a 1-king of H if and only if w is a
transmitter (and hence the only transmitter) ofH. Thus, k1(H)1. Landau noted in [10] that
every vertex of maximum outdegree inH is a 2-king, and so k2(H)1. It is known [12] that
if H contains no transmitter, then k2(H)3 (see also [1,11]). Note that the direct extension
of these results from tournaments to semicomplete digraphs is not true. We observe that
if a semicomplete digraph Q is such that K1(Q) = ∅, then a vertex w in K1(Q) is not
necessarily a transmitter of Q, and so it is possible to have k1(Q)2. (For example, if the
initial strong component of Q consists of a cycle of length 2, then k1(Q) = 2.) Thus, in a
semicomplete digraph Q with no transmitter, we have k2(Q)2.
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Let W be an n-partite tournament with at most one transmitter, where n2. Gutin [2]
(and, independently, Petrovic and Thomassen [14]) showed that k4(W)1. Gutin [2] also
proved that there exist inﬁnitely many multipartite tournamentsW such that k3(W)= 0 and
K4(W) = ∅. Thus, in the study of multipartite tournaments, 4-kings are of special interest.
It is obvious that k4(W) = k2(W) = 1 if and only if W contains a unique transmitter. By
consideringWwith no transmitters, Koh and Tan [6] showed that (1) k4(W)4 if n=2, (2)
k4(W)3 if n3, and (3) completely characterized allWwith no transmitters such that the
equalities in (1) and (2) hold. More results on 4-kings in multipartite tournaments can be
found in [4,5,7–9,13,17]. In [7,8] Koh and Tan proved that ifW contains no transmitters and
k3(W)= 0, then k4(W)8. AllW with no transmitters such that k3(W)= 0 and k4(W)= 8
were also completely characterized in [7,8]. Very recently, Tan [17] further showed that in
any n-partite tournamentW, where n3, with no transmitters and no 3-kings, if there are
r partite sets of W containing 4-kings of W, where 3rn, then k4(W)r + 8. More-
over, this lower bound is sharp. In another recent article, Gutin and Yeo [3] investigated
4-kings in semicomplete multipartite digraphs and extended Koh and Tan’s results (1)–(3)
by characterizing all semicomplete multipartite digraphs having exactly k 4-kings for
k = 1, 2, 3, 4, 5.
Let H be a tournament. Note that H [K2(H)] is itself a tournament. Reid proved in [15]
that H [K2(H)] has no transmitter. Koh and Tan showed in [9] that if W is an n-partite
tournament, where n3, with no transmitters, thenW [K4(W)] has itself no transmitters. In
this article, we extend Koh and Tan’s result to the class of semicomplete n-partite digraphs,
where n2. Let T be a semicomplete multipartite digraph with no transmitters and let
Q = T [K4(T )]. In this paper, we (1) show that Q contains no transmitters and (2) obtain
some results on the 2-kings, 3-kings and 4-kings inT.While it is clear thatK4(Q) ⊆ K4(T ),
we show that (3) K3(Q) ⊆ K3(T ) and (4) K2(Q) = K2(T ). Maurer [11] introduced the
concept of kings-of-kings in tournaments. FollowingMaurer, we investigate the r-kings-of-
kings of semicomplete multipartite digraphs with no transmitters for r = 1, 2, 3, 4. Some
problems on the r-kings-of-kings are posed.
2. Lemmas
Throughout this paper, the n partite sets of a semicomplete n-partite digraphT are denoted
byV1, V2, . . . , Vn. In this section,we shall state or prove somebasic results on semicomplete
multipartite digraphs and multipartite tournaments which will be used to prove our main
results in Section 3.
The following result of Gutin andYeo can be found in [3] .
Lemma 1 (Gutin and Yeo [3]). Let T be a semicomplete n-partite digraph, where n2.
Let u, v ∈ V (T ) and d(u, v)3. Then d(v, u)4.
Lemma 2 (Koh and Tan [5]). Let W be an n-partite tournament, where n2, with no
transmitters. Then there exist j, k ∈ {1, 2, . . . , n}, where j = k, such thatK4(W)∩Vj = ∅
and K4(W) ∩ Vk = ∅.
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In the next lemma, we shall show that the result in Lemma 2 is also true for semicomplete
n-partite digraphs, where n2, with no transmitters.
Lemma 3. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
Then there exist j, k ∈ {1, 2, . . . , n}, where j = k, such that K4(T ) ∩ Vj = ∅ and
K4(T ) ∩ Vk = ∅.
Proof. Let W be an n-partite tournament obtained from T by deleting an arc from every
2-cycle in T. If W has no transmitters, then by Lemma 2, there exist j, k ∈ {1, 2, . . . , n},
where j = k, such thatK4(W)∩Vj = ∅ andK4(W)∩Vk = ∅. Now sinceK4(W) ⊆ K4(T ),
we haveK4(T )∩ Vj = ∅ andK4(T )∩ Vk = ∅. Suppose nowW contains transmitters. Let
u be a transmitter ofW. We may assume u ∈ V1. Then u → V (W)\V1. Thus, in T, u →
V (T )\V1. Now as T has no transmitters, u ∈ K2(T ).Also, since T has no transmitters, there
exists v ∈ Vi , i = 1, such that v → u. As u ∈ K2(T ), IT (u) ⊆ K3(T ). Thus, v ∈ K3(T ).
Hence, K4(T ) ∩ V1 = ∅ and K4(T ) ∩ Vi = ∅, where i = 1. 
Corollary. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
Then k4(T )2.
3. Main results
In this section, we prove our main results. We ﬁrst show, in Propositions 1 and 2, that
in a semicomplete n-partite digraph T, where n2, with no transmitters, the distance from
any 4-king of T to a non-4-king of T is at most three.
Proposition 1. Let T be a semicomplete n-partite digraph, where n2, with no trans-
mitters. Let u ∈ K4(T ) ∩ Vi . Then d(u, x)= 2 for all x ∈ Vi\K4(T ).
Proof. Let u ∈ K4(T ) ∩ Vi and x ∈ Vi\K4(T ). Suppose d(u, x)3. By Lemma 1,
d(x, u)4. Let y ∈ V (T )\{u, x}. Since u ∈ K4(T ), d(u, y)4. As d(u, x)3, we have
O(u) ⊆ O(x) and (O(u), x) = ∅. Thus, d(x, y)4. Hence, x ∈ K4(T ), a contradiction.
Thus, d(u, x)= 2 for all x ∈ Vi\K4(T ). 
Proposition 2. Let T be a semicomplete n-partite digraph, where n2, with no trans-
mitters. Let u ∈ K4(T ) ∩ Vi . Then d(u, x)3 for all x ∈ Vj\K4(T ) for all j = i.
Proof. The result is clearly true if T is a semicomplete 2-partite digraph. We now consider
n3. Let x ∈ Vj\K4(T ), where j = i. If u → x, then d(u, x) = 1. Assume now x → u
and ux. Suppose d(u, x) = 4. Since x /∈K4(T ) and x → u with u ∈ K4(T ), we have
x ∈ K∗5 (T ). Thus, there exists y ∈ V (T )\{x} such that d(x, y)= 5. Note that d(u, y)= 4;
otherwise, d(x, y)d(x, u)+ d(u, y)1+ 3= 4. Let uvwty be a u− y path of length 4.
Suppose v /∈Vj . If v → x, then uvx is a u− x path of length 2, a contradiction. If x → v,
then xvwty is an x − y path of length 4, a contradiction. Hence, v ∈ Vj and w /∈Vj .
If w → x, then uvwx is a u− x path of length 3. If x → w, then xwty is an x − y path of
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length 3. In either case, we have a contradiction. Thus, d(u, x)3. Hence, d(u, x)3 for
all x ∈ Vj\K4(T ) for all j = i. 
Corollary 1. Let T be a semicomplete n-partite digraph, where n2,with no transmitters.
Let u ∈ K4(T ). Then d(u, x)3 for all x ∈ V (T )\K4(T ).
Corollary 2. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
Let u ∈ K∗4 (T ). Then there exists v ∈ K4(T ) such that d(u, v)= 4.
Proposition 3. Let T be a semicomplete n-partite digraph, where n2, with no trans-
mitters. Let u ∈ K3(T ) ∩ Vi . Then u→ V (T )\(Vi ∪K4(T )) and (V (T )\K4(T ), u)= ∅.
Proof. Since u ∈ K3(T ), I (u) ⊆ K4(T ). Thus, for each x ∈ Vj\K4(T ), where j = i,
we must have u→ x and xu; otherwise, x ∈ I (u) ⊆ K4(T ). Hence, u→ V (T )\(Vi ∪
K4(T )) and (V (T )\(Vi ∪K4(T )), u)= ∅. 
Corollary 1. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
Let u ∈ K3(T ). Then d(u, x)2 for all x ∈ V (T )\K4(T ).
Corollary 2. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
Let u ∈ K∗3 (T ). Then there exists v ∈ K4(T ) such that d(u, v)= 3.
Let H be a tournament of order n3 with no transmitter. Reid showed in [15] that the
subdigraph H [K2(H)] contains no transmitter. Let W be an n-partite tournament, where
n3, with no transmitters. Koh and Tan proved in [9] that the subdigraphW [K4(W)] is an
m-partite tournament, where 2mn, containing no transmitters. In our ﬁrst main result
below, we shall establish the corresponding result for semicomplete n-partite digraphs,
where n2.
Theorem 1. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
LetQ=T [K4(T )]. Then Q is a semicomplete m-partite digraph containing no transmitters,
where 2mn.
Proof. By Lemma 3, there exist j, k ∈ {1, 2, . . . , n}, j = k, such that K4(T ) ∩ Vj = ∅
and K4(T ) ∩ Vk = ∅. Thus, Q is a semicomplete m-partite digraph, where 2mn. Let
the partite sets of Q be U1, U2, . . . , Um. We may assume Ui ⊆ Vi for each i= 1, 2, . . . , m.
Suppose to the contrary that Q contains transmitters. We may assume all the transmitters
of Q are in U1. Let U = {u1, u2, . . . , us} be the set of transmitters of Q. Then U ⊆
U1 ⊆ V1. Observe that for each ui ∈ U , i = 1, 2, . . . , s, we have ui → V (Q)\U1and
(V (Q)\U1, ui)= ∅. Thus,
(a) dQ(ui, x)2 for all x ∈ V (Q)\U (=K4(T )\U ).
By Proposition 1,
(b) dT (ui, x)= 2 for all x ∈ V1\K4(T ) (=V1\U1).
By Proposition 2,
(c) dT (ui, x)3 for all x ∈ V (T )\(V1 ∪K4(T )).
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As T has no transmitters, for each ui ∈ U , i = 1, 2, . . . , s, in T, there exists yi ∈
V (T )\(V1 ∪ K4(T )) such that yi → ui . Let Y = {y1, y2, . . . , ys} (note that yi’s are not
necessarily distinct). By (a), (b) and (c), for each yi ∈ Y , i = 1, 2, . . . , s, dT (yi, x)4
for all x ∈ V (T )\U . Now since yi /∈K4(T ) for all yi ∈ Y , for each yi , i = 1, 2, . . . , s,
there exists uj ∈ U , where j = i, such that uj → yi and yiuj ; otherwise, yi → U ,
and so yi ∈ K4(T ), a contradiction. Thus s2. Let H = T [U ∪ Y ]. Note that H is a
semicomplete p-partite digraph, where p2, with no transmitters. By Lemma 3, there
exist g, h ∈ {1, 2, . . . , n} such that K4(H) ∩ Vg = ∅ and K4(H) ∩ Vh = ∅. We may
assume that h = 1. Note that K4(H) ∩ Vh ⊆ V (T )\(V1 ∪K4(T )). Let z ∈ K4(H) ∩ Vh.
Then z ∈ V (T )\(V1 ∪ K4(T )) and dH (z, x)4 for all x ∈ V (H). Since U ⊆ V (H), in
particular, dH (z, x)4 for all x ∈ U . Also, as z → ui for some i = 1, 2, . . . , s, by (a),
(b) and (c), dT (z, x)4 for all x ∈ V (T )\U . Thus, z ∈ K4(T ) ∩ Vh. This contradicts the
fact that z ∈ V (T )\(V1 ∪ K4(T )). Hence, Q is a semicomplete m-partite digraph, where
2mn, containing no transmitters. 
Let T be a semicomplete multipartite digraph with no transmitters. Let Q = T [K4(T )].
It is clear that K4(Q) ⊆ K4(T ). Our next result says that we also have K3(Q) ⊆ K3(T ).
Theorem 2. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
LetQ= T [K4(T )]. Then K3(Q) ⊆ K3(T ).
Proof. Let u ∈ K3(Q). Then dQ(u, x)3 for all x ∈ V (Q). Since u ∈ V (Q), u ∈ K4(T ).
By Corollary 1 to Propositions 1 and 2, dT (u, x)3 for all x ∈ V (T )\K4(T ). Thus,
dT (u, x)3 for all x ∈ V (T ), and so u ∈ K3(T ). Hence, K3(Q) ⊆ K3(T ). 
Would the result in Theorem 2 be true if we replace ‘3-kings’ by ‘2-kings’ ? The next
theorem gives an answer. Indeed, we shall see in the next theorem that equality holds if we
replace ‘3-kings’ by ‘2-kings’.
Theorem 3. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
LetQ= T [K4(T )]. Then K2(Q)=K2(T ).
Proof. Let u ∈ K2(Q). Then dQ(u, x)2 for all x ∈ V (Q). By Theorem 2, u ∈ K3(T ).
By Corollary 1 to Proposition 3, dT (u, x)2 for all x ∈ V (T )\K4(T ). Thus, dT (u, x)2
for all x ∈ V (T ), and so u ∈ K2(T ). Hence, K2(Q) ⊆ K2(T ).
Next we show that K2(T ) ⊆ K2(Q). Let u ∈ K2(T ). Then u ∈ V (Q). We may assume
u ∈ V1. We shall show that u ∈ K2(Q).
Claim 1. dQ(u, x)2 for all x ∈ V (Q) ∩ Vi for all i2.
Suppose dQ(u, x)3 for some x ∈ V (Q) ∩ Vi for some i2. Then x → u and ux.
Sinceu ∈ K2(T ), we have x ∈ K3(T ), and so IT (x) ⊆ K4(T ).Asu ∈ K2(T ), dT (u, x)=2.
Thus, in T, there exists w ∈ V (T )\K4(T ) such that u → w → x. Since IT (x) ⊆ K4(T ),
we have w ∈ K4(T ), a contradiction. Hence, dQ(u, x)2 for all x ∈ V (Q) ∩ Vi for all
i2, as claimed.
B.P. Tan / Discrete Mathematics 290 (2005) 249–258 255
By Theorem 1, Q has no transmitters. It follows that u ∈ K3(Q).
Claim 2. dQ(u, x)= 2 for all x ∈ V (Q) ∩ V1.
SupposedQ(u, x)=3 for somex ∈ V (Q)∩V1.ThenOQ(u)⊆OQ(x) and (OQ(u), x)=∅.
Let uvwx be a u− x path of length 3 in Q. Then x → v and vx; otherwise, dQ(u, x)= 2.
Also, w → u and uw; otherwise, dQ(u, x) = 2. Observe that xvwu is an x − u path of
length 3 in Q, and so dQ(x, u)3. Let y ∈ V (Q)\{u, x}. Since u ∈ K3(Q), dQ(u, y)3.
Now as OQ(u) ⊆ OQ(x), we have dQ(x, y)3. Thus, x ∈ K3(Q). By Theorem 2, x ∈
K3(T ). Hence, IT (x) ⊆ K4(T ). Since u ∈ K2(T ), dT (u, x) = 2. Thus, in T, there exists
w ∈ V (T )\K4(T ) such that u → w → x. As IT (x) ⊆ K4(T ), we have w ∈ K4(T ), a
contradiction. Hence, dQ(u, x)= 2 for all x ∈ V (Q) ∩ V1, as required.
By Claims (1) and (2), we have u ∈ K2(Q). Thus, K2(T ) ⊆ K2(Q). Hence, K2(Q) =
K2(T ). 
Let T be a semicomplete multipartite digraph and W be a multipartite tournament with
no transmitters. In [2], Gutin gave a sufﬁcient condition for W to have k3(W)1. More
sufﬁcient conditions forW to have k3(W)1 can be found in Koh and Tan [6] and Tan [17].
No sufﬁcient conditions for W to have k2(W)1 have yet been obtained. The following
two corollaries give a sufﬁcient condition for T andW to have 2-kings.
Corollary 1. LetW be an n-partite tournament,where n3,with no transmitters. Suppose
|K4(W) ∩ Vi |1 for each i = 1, 2, . . . , n. Then k2(W)3.
Proof. Let H =W [K4(W)]. Note that H is a tournament. By Theorem 1, H has no trans-
mitter. Thus, k2(H)3. By Theorem 3, K2(W)=K2(H). Hence, k2(W)3. 
Corollary 2. Let T be a semicomplete n-partite digraph, where n2, with no transmitters.
Suppose |K4(T ) ∩ Vi |1 for each i = 1, 2, . . . , n. Then k2(T )2.
Proof. LetQ=T [K4(T )]. Observe thatQ is a semicomplete digraph. ByTheorem 1,Q has
no transmitter. Thus, k2(Q)2. By Theorem 3, K2(T )=K2(Q). Hence, k2(T )2. 
4. Problems
The result ofTheorem3 tells us thatK2(T )=K2(Q). FromTheorem2,we haveK3(Q) ⊆
K3(T ). Do we also haveK3(T )=K3(Q)? Let T be the 2-partite tournament of Fig. 1. Note
thatV (Q)=K4(T )={x1, x2, x3, x4, x5},K3(T )={x1, x3, x4, x5} andK3(Q)={x1, x4, x5}.
Thus, K3(T ) need not be equal to K3(Q) in general.
Problem 1. Characterize all those semicompletemultipartite digraphsT such thatK3(T )=
K3(Q) whereQ= T [K4(T )].
In [15], Reid showed that a non-trivial tournamentH is contained in a tournament whose
2-kings are exactly the vertices of H if and only if H contains no transmitter. Using
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x1 x2 x3
x4 x5 x6
T
Fig. 1.
Q
x1 x2
x3 x4 x5
Fig. 2.
Proposition 3, it can be shown easily that there does not exist any semicomplete multi-
partite digraph T such that T [K4(T )] is isomorphic to the 2-partite tournament Q of Fig. 2.
(Note that K3(Q) = {x1, x2, x3, x4}.) Thus, the direct extension of Reid’s result to semi-
complete multipartite digraphs with 2-kings replaced by 4-kings is not true. The following
problem thus arises:
Problem 2. Characterize all those semicomplete n-partite digraphs T, where n2, with no
transmitters which are contained in a semicomplete m-partite digraph, wheremn, whose
4-kings are exactly the vertices of T.
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LetH1 be a tournament. For i1, letHi+1=Hi[K2(Hi)]. Observe thatK2(H1),K2(H2),
. . . is a descending chain of subsets ofK2(H1). SinceK2(H1) is a ﬁnite set, there exists an
integer p such that for all i <p,K2(Hi+1) ⊂ K2(Hi), and for all ip,K2(Hi+1)=K2(Hi).
Maurer called any vertex u ∈ K2(Hp) a king-of-kings. Following Maurer, in what follows,
we shall investigate the r-kings-of-kings in semicomplete multipartite digraphs with no
transmitters for r=1, 2, 3, 4. Let T1 be a semicomplete n-partite digraph, where n2, with
no transmitters. For i1, let Ti+1 = Ti[K4(Ti)]. It is clear that K4(Ti+1) ⊆ K4(Ti) for
all i1. Thus, we have:
K4(T1) ⊇ K4(T2) ⊇ · · · ⊇ K4(Ti) ⊇ K4(Ti+1) ⊇ · · · .
Hence, K4(T1),K4(T2), . . . is a descending chain of subsets of K4(T1). Now as K4(T1) is
a ﬁnite set, there must exist an integer p such that for all i <p, K4(Ti+1) ⊂ K4(Ti), and
for all ip, K4(Ti+1) = K4(Ti). Let us call any vertex u ∈ K4(Tp) a 4-king-of-kings.
By Theorem 1, Tp is a semicomplete m-partite digraph, where 2mn, with no transmit-
ters. Thus, k4(Tp)2, and soK4(Tp) = ∅. Hence, the set of 4-kings-of-kings is non-empty
for all semicomplete n-partite digraphs, where n2, with no transmitters. Similarly, we
shall see below that we can deﬁne in the same way r-kings-of-kings for r = 2, 3. Note that
by Theorem 2, K3(Ti+1) ⊆ K3(Ti) for all i1. Thus, we also have:
K3(T1) ⊇ K3(T2) ⊇ · · · ⊇ K3(Ti) ⊇ K3(Ti+1) ⊇ · · · .
Hence, there exists an integer s such that for all i < s, K3(Ti+1) ⊂ K3(Ti), and for all
is, K3(Ti+1) = K3(Ti). Observe that K3(Ts) may be an empty set. Thus, the set of
3-kings-of-kings could be empty. The following problem thus arises naturally:
Problem 3. Determine those semicomplete multipartite digraphs with no transmitters such
that the set of 3-kings-of-kings is non-empty.
Observe that ifK3(Ts) = ∅, thenK3(T1) = ∅. Thus, the existence of 3-kings-of-kings in
T implies the existence of 3-kings in T. Note also that ifK3(T1)=∅, thenK3(Ti)=∅ for all
i1. Hence, a necessary condition for the existence of 3-kings-of-kings in T is k3(T )1.
Thus, to solve Problem 3, we just need to consider those semicomplete multipartite digraphs
T with no transmitters such that k3(T )1. So far, only some sufﬁcient conditions for
multipartite tournaments W to have k3(W)1 have been obtained by Gutin [2], Koh and
Tan [6] and Tan [17].
We shall now revisit Problem 1. Using the concept of 3-kings-of-kings, Problem 1 is
equivalent to the Problem 4 below:
Problem 4. Determine those semicomplete multipartite digraphs T such that the set of
3-kings is the same as the set of 3-kings-of-kings.
As mentioned earlier, if K3(T1)= ∅, then K3(Ti)= ∅ for all i1. Thus, if K3(T1)= ∅,
then K4(Ti)=K∗4 (Ti) for all i1. Hence,
K∗4 (T1) ⊇ K∗4 (T2) ⊇ · · · ⊇ K∗4 (Ti) ⊇ K∗4 (Ti+1) ⊇ · · · .
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LetW be a multipartite tournament with no transmitters. Koh and Tan showed in [7,8] that if
k3(W)=0, then k4(W)8. It follows that for such a multipartite tournamentW, the number
of 4-kings-of-kings is at least eight. Hence, if a multipartite tournament with no transmitters
is such that the set of 3-kings-of-kings is empty, then the number of 4-kings-of-kings is at
least eight.
We shall now turn our attention to 2-kings-of-kings. Note that by Theorem 3, K2(T2)=
K2(T1). It follows that K2(Ti+1) = K2(Ti) for all i1. Thus, for all semicomplete mul-
tipartite digraphs T with no transmitters, the set of 2-kings of T is the same as the set of
2-kings-of-kings. Hence, the set of 2-kings-of-kings in a semicomplete multipartite digraph
T with no transmitters is non-empty if and only if the set of 2-kings of T is non-empty.
How about 1-kings-of-kings? Suppose K1(T1) = ∅. Let u ∈ K1(T1). Clearly, u ∈
K1(T2). Thus, K1(T1) ⊆ K1(T2). Do we have K1(T2) ⊆ K1(T1)? Observe that if
u ∈ K1(T2), then u is not necessarily a 1-king of T1, as it could be the case that u ∈
K∗2 (T1) if the partite set containing u in T1 has more than one vertex. Hence, in general,
K1(T2)K1(T1). Thus, the sets K1(T1),K1(T2), . . . do not form a descending chain of
subsets of K1(T1) in general. Hence, we cannot deﬁne 1-kings-of-kings.
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